The kinematics of plasticity is essentially concerned with shape changes. Some of these are observed on a macroscopic scale, some on a microscopic one: an example of the first is the change in the relation between external features that describe the "sample" shape; an example of the second is the change in the shape of grains in a polycrystal. While the first does not describe a property of the "state" of the material, the second one does. When the grain shape changes through plastic deformation, it can be described by the "left stretch" tensor V: its eigenvalues give the principal lengths, its eigenvectors the orientation of the principal axes of the grain shape ellipsoid. The kinematics of plasticity provides the means to update grain shape with deformation. When there are differences in shear strain components between a grain and its surroundings, differences in spins ensue. This is important for the development of texture in polycrystalline materials. The set of grain axes (those aligned with the eigenvectors of V) constitute a frame that is bound to the material, describes part of the "state" of the material, and stays orthogonal; it is thus an especially appropriate frame to use in constitutive descriptions based on the physical behavior of materials.
INTRODUCTION
In Materials Science, the structure of a material plays a predominant role. Aspects of a material's "structure" are the lattice structure (the arrangement of the atoms in a crystal), the substructure t Work supported by the U. S. Department of Energy. A prior version of this paper was presented at the International Conference on Mechanics, Physics, and Structure of Materials, Thessaloniki, Greece, 1990 concept of "material frames" (and "rigid-body spins") in the light of the current observations, and Section 7 summarizes the conclusions.
Be it emphasized that we deal here with constitutive descriptions only, not with the solution of boundary value problems; therefore, we treat the deformation as macroscopically homogeneous, although perhaps varying on a grain-to-grain scale. We only describe isochoric plastic properties, but the principles can be applied to volumetric plasticity also. Plasticity is assumed to result from crystallographic slip and perhaps twinning, not from diffusion. However, initial grain shapes may result from any cause, including solidification, diffusion, and recrystallization.
REFERENCE AXES

Lattice axes
One "material" reference frame is the set of crystallographic axes of a grain. Since the crystal structure does not change during slip (if assessed in the "natural" state, i.e. after unloading), axes that are initially orthogonal (as they are for crystals of at least orthorhombic symmetry) remain orthogonal even when shears have occurred. To take advantage of this convenient feature, one could write the orientations of all the grains of a polycrystal as rotations from any one of them; more commonly, they are referred to another specified material or background frame. Lattice axes for each grain are needed for writing quantities such as the Schmid tensor to identify slip systems.
Sample axes
For a metallographer, the obvious frame of reference for orientations is the normal to the material plane lying on the stage and the material line in this plane that is butted against a holder. The "stage" may be on a microscope, when the orientation of the grain shapes is being determined; or it may be on a texture goniometer, when the orientations of crystals are to be measured. It is useful to define sample axes that directly connect to these normal presumptions. Sample axes constitute an "intermediate" frame that is bound to the material. For materials testing, this frame can be chosen to have a fixed relationship with respect to a general background frame; however, in the solution of general boundary value problems, the relation between the two may change.
An important subtlety comes in through the fact that the actual sample may not be rectangular in its shape on all faces. This could be through imperfect sample preparation; but it could also be a genuine part of the problem at hand. Assume, for example, that a piece of material was deformed in simple shear (Fig. la) . For metallographic observations, one would naturally cut out a sample parallel to the dashed lines; but there would be no need to square it up along the sides, too. One would probably mount it lying flat on the plane of the paper, with the newly cut edge marking a special direction in that plane (namely, the previous direction of shear). A convenient coordinate system would then consist of (1) the normal to the "plane of the paper", (2) the marked edge (which is necessarily perpendicular to direction 1), and (3) a direction that is perpendicular to both. This defines a set of sample axes.
The simple shear of Fig. la is an example of a mechanical test in which the geometry of the machine kept some directions of the original sample (assumed rectangular) parallel to each other, others not. Compression in a frictionless channel die is another such test [11] : the "bottom" plane remains parallel to its original orientation, and so does the free direction in the channel; but if the sample has certain anisotropic properties, the angle in the bottom plane, and that in the side plane, may change. It is then sensible to define the plane and the direction in it that remain parallel to themselves as two elements of the sample axes.
In these simple, "proportional" test cases, either the forces or the displacement rates at the boundaries remain in a fixed direction with respect to these sample axes. If the material plane normal is called 3 and the line in it 1, this means [11] that the velocity gradient must have the form ,-il3 --«23 0 -di 3 "d23 0
Background axes
For the solution of complex boundary value problems, it usually convenient to use a "general", "external", "laboratory", or "background" frame: one that remains fixed throughout the process and for all elements of the body. In this frame, an arbitrary velocity gradient L may, of course, have any component non-zero. This can be achieved, without any loss of generality, by adding to eq.l a rigid-body spin
This is the spin ui s of the "sample axes" with respect to the chosen "background" frame; but since eq. 2 could be written so simply only by keeping it in sample axes, one may conveniently think of ui s as the negative of the spin of the background frame with respect to the sample axes. In the following, ω may be interpreted as either the spin with respect to sample axes (eq.l') or as that with respect to the background: the whole of the asymmetric part of the actually used velocity gradient L. Fig. 1 -Definition of "sample axes": (a) for sheared sample; (b) for a sample at the end of a bent rod. The metallographer will use a material plane and a line in this plane to align his "sample".
As an example in which different parts of a piece of material may deform, and spin, differently, we present a "sample" that is at the free end of a bent plate (Fig.lb) . In any deformation step, it may or may not itself deform, but it may be made to spin by the deformation of the other elements of the beam; in that case, ui s must be determined as part of the mechanical analysis, and this analysis also provides the final orientation g s of the sample axes by appropriate integration of
One short remark on nomenclature: the "orientation" of one frame with respect to another (whether of a crystal, a sample, or a grain shape, with respect to each other or the laboratory frame) is often treated as a "rotation" between frames, and labeled R (as any orthonormal transformation matrix). We shall use the term orientation g when no motion is implied (though a reference frame is required), the term rotation R for an integrated motion from a given initial configuration.
STATE VARIABLES OF THE GRAIN SHAPE
The grain shape can be investigated using a metallurgical microscope. It is generally irregular; but it is easily characterized as "equiaxed" or "non-equiaxed". It is common to parametrize this situation by an aspect ratio, in a two-dimensional section. It is more difficult in practice, but entirely possible, to investigate the same specimen in various non-parallel sections and thus derive a threedimensional grain shape, to be characterized by two aspects ratios. In a more abstract sense, one then describes the "grain shape" by an ellipse of unit area, in two dimensions, or an ellipsoid of unit volume in three.
(The area or volume would characterize the grain size, which is not of interest here.) The grain shape ellipsoid is thought of as an imaginary interface in a homogeneous continuum, so that the topology of grain neighborhoods does not enter into the consideration.
In addition to the lengths of the three principal axes of the grain shape ellipsoid (whose product is unity), one can determine their orientation.
One could do this by means of three Euler angles (and we will do so in one of the later figures). More in the spirit of "principal axes" would be to specify the three eigenvectors parallel to those axes. For a formal treatment, let us define a matrix of the eigenvalues, ' λχ 0 0
and of the set of eigenvectors g^^ (the grain axes) in matrix form:
Note that each row consists of the components of one of the grain axes in terms of each of the 3 sample axes (which then represent the second index in matrix notation). One can combine the two separate specifications (4) and (5) into a single matrix that specifies the grain shape in the sample axes:
where the superscript Τ designates the transpose and simple juxtaposition, without dot, signifies matrix multiplication (i.e. single contraction).
(In components, this means gijgik^(i)· in vector notation g U) 0g (i); λ 1· all summed over i.) G is symmetric and positive definite.
The equation of the ellipsoid is, for unit volume, in terms of the radius vectors x:
(where G" 2 =(GG) _1 and the center dot yields a scalar product); eq.7 is a generalization of the well-known equation Σχί.
2 /λ^2=1 of an ellipsoid in its principal axes.
EVOLUTION OF THE GRAIN SHAPE
4.1 Association of grain shape G with "left stretch" V The current grain shape could be a result of previous plastic deformation.
If the initial grain shape had been spherical, one could have used the grain boundaries as markers and followed their development.
If we prescribe a deformation that is uniform over the entire continuum in which the grain shape ellipsoid is thought imbedded, and describe it by the deformation gradient F, so that new coordinates χ of a point are given in terms of its old coordinates by F X (8) then an initial unit sphere given by Χ·Χ-1 transforms into an ellipsoid given by
where we have used the identity (F F T )"
The term F F T is one of the commonly used parameters of the kinematics of plasticity:
where V is called the "left stretch tensor", V 2 the "left Cauchy-Green tensor". Comparing eqs. (9) and (7), it is seen that V is the predicted value of G under these circumstances.
If V is described in terms of the Ε Ε matrix A of its principal values and its eigenvectors g (in terms of sample axes), then A®" -A and g^ -g. Note that, as G was normalized to a determinant of 1 in order to describe the grain shape only, so V describes G only to the extent that there was no volume change in the assumed previous plastic deformation. a) In addition, this grain shape could have been obtained by solidification, recrystallization, etc. Figure 2 illustrates that the plastic deformation path to achieve a given V is not unique. The final grain shape is depicted as lying at about 45° in a sheet. Let us assume, to make the illustration simple, that the two principal axes are in fact nearly equal in length, only exaggerated in the figure. Then we can immediately think of two pure shear. While F is different in the two cases, V is the same to first order. From the point of view of a metallographer, it is of course also possible that the piece of sheet examined had been cut out at 45° from the deformation axes; then, the sheet could have been deformed in plane-strain tension ( Fig.2c ): F is different again, but V is the same, only expressed in its principal axes; the metallographer's eigenvectors g describe it in terms of the cut given him. Now comes the crucial observation: even if the grain shape had not been obtained by previous plastic deformation (but for example by recrystallization) it would develop in the future just as if it had.
What is more, the measured grain shape need not depend on location in a way consistent with previous compatible deformation: the grain shape G can be entirely arbitrary in its spatial distribution, but it will locally evolve in subsequent deformation by the kinematic rules that govern the updating of the left stretch, V.
This means that V, as G, in fact has the properties of a (local) state function.
If one writes V as
Τ where F is clearly not a state parameter, one has identified R as the "integrating factor" of F. The matrix R is orthogonal and usually introduced by "polar decomposition" of F. In the following, we shall not make use of it, but only use V in its nature as a state parameter; that is why we did not use the customary introduction of V in the form F -V R (which illustrates why V is called the "left" stretch). When we want to emphasize the state-parameter nature of V, we will use G, g, and A instead of V, g^, and A^; but to derive the evolution laws, we use the latter set.
While V thus plays a special role in state-variable based constitutive relations, related measures of finite strain, such as the Signorini strain (V 2 -I)/2 [6] make sense only if the grain shape had evolved through plastic straining from a sphere, and even then they would relate only to the grain shape, as discussed here, and not to a measure of strain to be used in stress strain relations.
Grain shape evolution
As stated in the introduction, we wish to describe all aspects of the constitutive behavior by using state parameters, and their evolution by differential equations.
Since the grain shape is a state parameter, a convenient way to describe the kinematic equations is in terms of the principal axes of the grain shape.
In the simplest case, the principal axes of the strain rate d are aligned with those of G; then we need only the equation
This is the same equation as would be derived if the initial grain shape had been obtained as the stretch ellipsoid due to previous deformation, using the eigenvectors of A E . If the principal axes of d are not aligned with those of G, eq.12 still holds, but in addition the grain shape will change its orientation -in the same way as if G had originally arisen as a V due to previous deformation: that is with the classical "Euler spin" ω Ε defined by
Thus, even if there was no previous deformation, but nevertheless a measurable grain shape orientation g, it will spin as:
The components of the Euler spin in grain axes are given by [4,5, Appendix]
The interesting part of eq.15 is the second term: a spin that is proportional to a shear strain rate. This "shear spin" may be made transparent by noting that and d are both time rates: thus the shear spin is actually a change of orientation (say, da s dg g -ω Ε dt) with strain de = d dt:
a (12) dimensional isochoric deformation. The abscissa is the "true strain" for plane-strain compression.
For convenience, we define a'(0)=0 in all components. 
where we have introduced an abbreviation for the right-hand side; for easy use in the future, we define «'(ü)=0 so that a' is a skewsymmetric matrix, but it is not a tensor, and summation over the bracketed indices is never implied. Figure 3 displays the general behavior of a', for the specific case of a' (12) assuming λιλ2-1, as in plane strain at constant volume. The abscissa is then equal to the true strain if the straining direction was never changed, and the function is actually a hyperbolic cotangent. The pole at the origin reflects the fact that the eigenvectors themselves are undefined in this limit. However, the behavior near the origin is of great concern and we will analyze it below.
(At the origin itself, we define ot' =0, for later convenience.) Figure 3 also shows that the aspect ratio need not be very large for the grain to be effectively "flat". Let us examine two limiting cases: a "horizontal" grain, under simple shear in its plane (Fig.4a) ; and a "vertical" grain, under spatially the same simple shear (Fig.4b) ; all components are written in grain axes.
In the first case, λι»λ2 and 
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When the boundary conditions are pure shear,
where the + holds for the vertical, the -for the horizontal grain (Figs. 4c and 4d) . Finally, we must discuss the case λ^-Xj (i*j). While this is "degenerate" in terms of the instantaneous grain shape, this degeneracy will immediately resolve itself, since the principal strain rates (times the time differential) will become the principal strains (the principal axes of G) -and in these axes, the shear and thus the shear spins are zero.
The eigenvalues may nevertheless remain very similar, so that the shear spins vary rapidly. Under such circumstances, the integration of eq.14 becomes problematical: only when ω Ε is not a function of time (over the time step At) can the current value of g be obtained from
where go is the initial value. The so-called "exact updating" by using a Rogrigues scheme [12] on the basis of eq.20 would thus require smaller and smaller time steps the closer one is to the degeneracy.
Then, a safe procedure is to update the deformation gradient linearly:
(where I is the identity matrix and Fo the initial value) which varies smoothly, and then diagonalize V 2 (eq.9) to assure orthogonality of g. The scheme according to eq.20 is faster and is preferable when appropriate.
So far, we have dealt with the deformation of imaginary grains in a homogeneous continuum under an imposed deformation gradient. The deformation of a real grain imbedded among other grains in a polycrystal is assumed to be similar in the Taylor model. The actual deformation in such a heterogeneous body may non-uniform both within the grains and from grain to grain, and we will discuss this in the next Section. For now, we will use a simulation of polycrystal plasticity according to the Taylor model to illustrate the behavior of many grains under the conditions discussed above.
The integration algorithms given by eqs. (20) and (21) have been implemented in the Los Alamos polycrystal plasticity (LApp) code [13] (version 7.1g). Fig.5 shows the grain axes as "orientations" in a pole figure aligned (as usual for this case) with the sample axes. The grain axes are the big crosses in the center and on the periphery; the smaller crosses inside relate to three cubic crystals that will be discussed further down. Figs. 5a and 5c, respectively, show simple shear in the horizontal and vertical grain; as eqs.17 and 18 indicate, the horizontal
F -(I + 1 At) Fo (21) grain does not move at all, while the vertical grain exhibits a large rotation. The actual step size in these figures was chosen to be a von Mises strain of 2.5%, and 10 steps were executed. The crosses are made smaller for each successive step. Fig.5b shows the «spherical grain: the grain axes are arbitrarily initialized to be coincident with the sample axes, but in the first step (no matter how small), they rotate 45°, or however much is necessary to align themselves with the eigenvectors of the strain rate. This is a practical example of the indeterminacy of a' at the origin. The spherical grain under pure shear (Fig.5e) undergoes the same 45° rotation, but thereafter remains fixed. The horizontal and vertical grains in pure shear (Figs.5d,f) are intermediate cases.
NON-UNIFORM DEFORMATION OF A POLYCRYSTAL
Grain deformations
It is generally acknowledged that in real polycrystals, the deformation is not the same in one grain and the next, nor is it uniform within the grains. Different models of polycrystal deformation make different judgments as to how important these non-uniformities are. [14] [15] [16] [17] [18] [19] [20] Let us, for the moment, assume that uniform deformation within a grain (or other marked region) is an adequate approximation but that, under certain circumstances at least, there are some differences in deformation between a grain and its surroundings. Let us also treat the surroundings as an effective medium. This is the basis of various "self-consistent" models for the polycrystal flow stress (which we will discuss further below). Here, the interest is in spins.
If the grain shape is non-spherical, one can derive how it will change its orientation with straining, by using the Euler spin (eq.15). This may be done either for the deformation of the "grain" itself, or for the deformation of the "hole" it sits in, as dictated by its surroundings: the result will be different if there is a difference in shear strain rates. We have introduced the postulate that the principal axes of the grain and the hole must remain aligned: that the Euler spins must be equal whether derived for the outside or the inside [21] . One may take this to be a part of the assumption (or necessity) of displacement continuity; but its failure would not, in contrast to strain incompatibility, affect the stresses necessary for the deformation. Equality of the Euler spins gives (eqs. 15, 16) where the superscript g refers to the grain. The value of ω for the hole is assumed to be that of the "matrix" (the effective medium). In elastic self-consistent models and their derivatives [15] [16] [17] [18] , this is the same as the macroscopic ω, but this is not necessarily true when the surroundings are allowed to respond plastically [19, 20] 
. Equation 22
(grain axes) takes account of the fact that the grain shape, at the beginning of the step, must have been identical for the hole and the grain, so that a' is the same for both. Equation 22 means that the assumed coincidence of the Euler spins of grain and hole forces a spin on the grain, with respect to whatever coordinates i is written in, which is different from ω whenever there are differences in shear strain. Note that, for a given shear difference, the spin difference decreases as the grain eccentricity increases, according to Fig. 3 .
In the "fully constrained (FC)" Taylor model [14] , all strain rates are assumed equal; as a consequence of the postulate of locally equal Euler spins (eq.22), all spins are equal, too, regardless of the grain shape.
The "relaxed constraints (RC)" model of polycrystal plasticity [15, 16] allows for a relaxation of the compatibility constraints on "flat" grain interfaces: across a truly plane interface, say perpendicular to direction 3, the strain rate components d3i and d3 2 need not be continuous (the respective stress components are). Let us represent this situation as the limiting case λι » λ3, λ 2 » λβ. That makes α'(ΐ3)=1ι etc., and eq.18 becomes
Note that the diagonal components of the strain rate, written in grain axes, are always required to be continuous by compatibility (and volume constancy); thus, the current eigenvalues of the grain shape ellipsoid, A, are always the same for grain and hole, which makes a' the same and justifies eq.22 again, for this case, as a consequence of compatible deformation.
Between these limiting cases of uniform straining in all components (FC) and uniform straining in just three components, but completely free straining in the other two, lies the real world. One way to represent it is by a mixture of FC and RC grains, as it is done in the LApp code [21] . This is actually an admission of non-uniform deformation within "oval" grains (RC in the center, FC on the periphery), but is approximated by having some (whole) grains FC, other (whole) grains RC. If, however, one remembers that both the RC and FC conditions actually occur in the same grain, one may describe an "average" spin of this grain by
where V is the volume fraction of grains to be treated as relaxed, and Ad is the strain non-uniformity that would obtain for an exactly flat grain. V increases gradually from zero as the strain increases. The precise manner in which this occurs depends on the model; it can always be constructed such as to guarantee that as even though a'-*». Another common approximation of the "real" case is on the basis of one or another "self-consistent" model [17] [18] [19] [20] . The only previous work concerned with local spins that we know of was based on the Kröner model of an ellipsoidal inclusion whose plastic strain is different from that in the matrix (which reacts to the ensuing internal stresses on the basis of elasticity only). Tiem et al. [22] extended this model to arbitrary ellipsoidal grain shapes. They already concluded that the local rotation is different from the macroscopic one whenever there are differences in shear strain between inclusion and matrix. This work was numerical, the results being presented as plots. Their curves of differences in rotation as a function of strain differences look fundamentally distinct from Fig. 3 : they increase linearly from the origin and saturate from below for very flat grains (much like eq. 24 would). We surmise, however, that the primary reason for the discrepancy lies in the difference in exact words used in the last two sentences: rotations and strains, rather than spins and strain rates. We do not know the precise nature of their calculations; but it seems reasonable that any rotation will start small (even if the spin should be very large), and saturate from below.
Lattice spins
The grain rotation uß is meaningful only when there is a coordinate system inscribed on the grain whose spin can be described independently: the crystal lattice is such a coordinate system; thus, eqs. 22 and 23 are relevant to texture formation (when strain rates are allowed to be non-uniform).
Plastic deformation is assumed to be accommodated within the grains by crystallographic slip only. If the slip plane is labeled n, the slip direction b, and the rate of shearing γ, for each slip system (superscript s), then the velocity gradient produced is (in whatever axes η and b are written) 
With eq.22 and a slight amount of rearranging, this gives, in components,
Note that d c =d® (which, in a way, expresses the implicit assumption that deformation is uniform within the grain), though the spins are not.
Only for equiaxed grains (α'=0), or for full constraints, does this equation degenerate to the commonly used one, 
On the other hand, in the RC limit (λχ » λβ , λ·2 » λ3), eq.27 gives (using the identity iji-2djj-ijj)
Comparison of eq.30 with the expression (2) allows the interpretation that the grain planes are remaining parallel to each other. The significant advance achieved by eq.27 over eq.29 [11] or eq.30 is that it holds for arbitrary aspect ratios.
(The shear strain components are then not comletely free; the difference d c -d may be coupled with α°-σ, e.g. in a visco-plastic self-consistent model [20] .)
The current crystal orientation, g* (usually called R*, for insertion into F) is related to the lattice spin:
The integration is again best treated separately for the almost-equiaxed case, although it is not necessary to use eq.21. The allowed discrepancies in the shear components are vanishingly small in this limit (even if full constraints were not assumed). Thus, one may use eq.28, which raises no problem with exponential updating. When sample axes are used (eq.29), one need not even use the exponential updating: this is only needed when the maintenance of orthogonality is not assured. For all other cases, a' and thus uß vary smoothly enough that eq.31 may be used and exponentially integrated.
Figures 6a and 6b show again the cases of simple and pure shear, respectively, this time in {111} pole figures. The grain shape is assumed spherical and its "{111}" axes appear as four big crosses: they rotate 45° during the first step (because their initial, indeterminate orientation was chosen to coincide with the sample axes). Three crystals serve for illustration purposes: one (Δ) with one of its slip planes (which are {111}: that's why {111} pole figures were chosen) parallel to the shear plane: it does not rotate in simple shear; one (a triangle pointing right) with a slip plane perpendicular to the shear direction (1), which also is enough all by itself to satisfy the boundary conditions: it rotates a large amount in simple shear, half as much in pure shear; and finally (diamond), one with a slip plane at 45° with respect to the two previous ones, which will not operate: the
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combination of the actually operative slip systems gives rise to a small rotation. These simulations were again undertaken in LApp, under full constraints (as appropriate for spherical grains), and with a very small rate sensitivity of the flow stress. A comparison of Figs.6a and 6b shows that the spins are all greater, in the direction of the macroscopic spin, in the simple shear case. This may lead one to believe that the end textures will be quite different (or perhaps the development much faster) for simple as compared to pure shear. This is a misconception according to the general insight that textures relate to the dispersion of orientations, not their "average". More quantitatively, let us rewrite eq.27 as follows
This is a differential equation for g*.
In the absence of the inhomogeneous term ω, it would describe the approach to an ideal pure shear texture. The effect of ω is to continuously disturb this tendency: only a dynamic balance can be reached [23] . Figure 7 shows the deformation textures, calculated under fully constrained conditions, for simple and pure shear to a von Mises strain of 1.0. They do look similar in some first-order sense, just rotated slightly with respect to each other. Note, however, that the rotation is nowhere near the integrated macoscopic spin (which would be 50°); it is not even equal to the Euler spin, as can be seen by the location of the large crosses.
In fact, after infinite strain, the "vertical branch" of the simple shear texture remains vertical.
Fip. 6 -The rotation of three specially oriented cubic crystals (represented by four {111} poles each) under simple shear (a) and pure shear (b). The large crosses represent the grain axes. All crosses decrease in size with each step. Note that the grain that has a slip plane parallel to the shear plane (Δ) does not rotate in simple shear. For an accurate description, one must treat the two cases as simply different. However, to describe, say, elastic constants, even the simple shear texture may be considered to have "essentially" orthorhomic symmetry, at a certain angle to the sample axes -and therefore requiring only 9 independent elastic constants for the polycrystal, rather than 13, which would be necessary for monoclinic sample symmetry. This "appropriate properties reference frame" can be easily derived from a measured texture -but it would be of interest to be able to derive its evolution from some kind of "average" crystal spin; no appropriate way to calculate this has as yet been found.
Kinematics of Plasticity Related to the State and Evolution of the Material Microstructure
DISCUSSION: MATERIAL FRAMES
One of the reasons why the kinematics of plasticity is not simple is that many sets of axes, chosen to be Cartesian initially, do not remain orthogonal when the material is deformed. In such cases, any definition of a "rigid-body spin" (in this non-rigid body) depends on which of the axes is followed. A better way of describing this complexity is by adding a "plastic shear spin" to the skew part of the velocity gradient to define the "Euler spin". This can be done for other well-defined spins (such as the "Lagrange spin"), but the Euler spin has the advantage that the ensuing rotation can be measured by material markers (such as grain boundaries) at any time.
The loss of orthogonality certainly occurs for almost all "material fibers" (as the ones called material plane and material line before). The sample axes chosen in section 2 represent one possibility to overcome this problem, and this scheme has the advantage of being close to experimental procedures. It is certainly possible to calculate the spin of these axes relative to an arbitrary background frame and thus, by integration, their current orientation ("rotation"). This is a set of axes that would qualify for the label "material frame"; and if it is used, the spin ui S of the sample axes becomes the "rigid-body" spin. Another set of axes that remain orthogonal throughout plastic deformation is the crystal lattice frame. This is why metallurgists tend to describe the deformation of single crystals (grains) as a change in the shape of the sample in terms of the crystal: it is the machine that may have to rotate in space to accomplish this: this is -ω* and it amounts to the "rigid-body" spin in this case. The equivalent frame in a polycrystal would be the set of texture symmetry axes. It would have the major advantage that the number of parameters necessary to describe macroscopic properties (e.g. the elastic stiffness tensor or the yield surface of the polycrystal) would be as low as possible in this frame. One may call it the properties reference frame. The problem is that, while symmetrical textures always result from common, homogeneous tests, arbitrary straining paths, as they occur in interesting processes, may well end up without a clear set of symmetry elements.
The set of axes that remain orthogonal during deformation which we have emphasized in this paper, is the set of grain axes. The periphery of the grain consists of elements of material planes. The principal axes, however, are not: while, at any one time, there are material lines underlying these axes, the material lines do not stay orthogonal, even though one can define a new set of principal axes that does (with other material lines underlying them). As a representation of the grain shape (i.e. of the grain periphery which is material), the principal axes of it, i.e. g or g E make for a good set of "material axes": they are measureable; and their spin in the future, regardless of how the grain shape arose originally, is described correctly by the Euler spin.
All of the above frames are bound to the material and seem therefore to be particularly suitable for the specification of material properties. This is easy to see for polycrystals with observable grain boundaries, or any material with observable anisotropies; it may seem artificial for isotropic continua. It is for the latter that so-called "material frames" have been commonly used that are not bound to the material in the above, observable sense; instead, they trace back all properties to the original, undeformed (orthogonal) configuration. The preference for this Lagrange frame is probably due to, and most appropriate for, the treatment of primarily elastic deformations, where the undeformed configuration (not the same as the unloaded one when plasticity is present) has state properties. But note that we have had no need to even introduce it in the current paper. Similarly, the relative spin J between the Euler and Lagrange axes is often called the "material spin" and its integrated rotation, the R in the polar decomposition of F, the "material rotation". All of these are history variables: they are not measurable in the material by an observer who was not present when the material was deformed.
Ensuring "frame indifference" needs attention when frames of reference are used that are not bound to the material. When materialbound frames are used, the material constitutive behavior is always independent of relative motions (rotations or translations) between material and observer.
CONCLUSION
Grain shape is a morphological feature of a polycrystalline microstructure that plays an important physical role in plasticity through its effect on the activity of slip systems during deformation. Grain shape has the attributes of a state variable in that it can be measured in the current configuration, without need to define the path history which leads to its current value. It is sometimes important in determining the future response of the material and can be computed by integration of an evolution equation.
The grain shape can be expressed mathematically in terms of geometric aspect ratios and orientation vectors. These may be combined into a rank-two tensor, G, whose eigenvalues describe the grain aspect ratios, and whose eigenvectors give the orientation of the major axes of the grain shape (with respect to a known reference frame).
We have shown that, once initialized from microstructural measurements , the grain shape state evolves according to the same kinematics as that for the left stretch tensor V obtained from squaring the deformation gradient. Since grain boundaries can be identified with the same set of points throughout the deformation, there is a one-to-one association of the grain shape state tensor G and the left stretch tensor V. While the left stretch is usually thought of as quantifying a shape change, it is not important to identify a reference configuration wherein V = I. It is not necessary that the grains were spherical at some point in the past to compute changes from a known shape. This means that the initial (and consequently future) spatial distribution of V does not necessarily arise from a compatible motion -and there is indeed no physical requirement that grain shape should have this trait, since thermomechanical processes other than a compatible deformation alter grain shape.
Since there is a one-to-one association of the grain shape tensor G and the left stretch tensor V, the latter must be a state parameter just like the former. It thus seems like an especially appropriate quantity from the kinematics of plasticity to use in constitutive description of plastic straining: it presents one reasonable "material frame" (among many, but not all, previously used ones). Similarly, the Euler spin is a particularly appropriate quantity to describe rotation rates.
The motivation to compute a state variable associated with grain shape is to permit better description of grain interactions. For flattened grains it is possible to write continuity conditions for the stress and rate of deformation directly using components from coordinate axes either normal to or aligned in the flat interface. Such equations do not apply to arbitrarily chosen axes, but rather only to ones aligned with the grain shape. In deformation that is non-uniform on the grain scale, the Euler axes as defined for the "hole" (i.e., the surroundings) must spin as those defined for the inside of the grain; this affects texture formation for all cases other than those obeying the strict Taylor postulate.
Other aspects of plastic behavior are also path dependent and require further state parameters: e.g., the crystallographic orientation distribution and the flow stress, which evolve differentially with strain; however, no macroscopic measure of finite strain can determine these state parameters at the end of an arbitrary path.
